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Fig. 1 FEM Disc brake assembly
Obr. 1 MKP Zostava brzdy

Material and methods

The CEA implementation in ABAQUS uses the subspace projection method. In this 
implementation, the response is based on the direct solution of the dynamical equations 
from the steady state projected into the subspace of undamped modes. The method is 
based on the idea that a number of modes of an undamped system that fall within the range 
of relevant excitation frequencies correctly reflect the forced steady-state vibrations. By 
projecting the equations of dynamic balance into the subspace of the selected modes, a 
system of complex equations is created. This system of equations is then solved for the 
modal amplitudes, which are then used to calculate nodal displacements, stresses, etc. It 
is an over-prediction method, which means that not all predicted modes will necessarily 
generate brake squeal under real operating conditions. The advantage of CEA over modal 
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analysis performed in ABAQUS is the ability to account for friction and damping effects 
between parts.

For basic understanding of the, CEA the equation for a multi-degree finite element 
system with mass, stiffness and damping matrix has the form: 

	
(1)

The homogeneous, second order matrix differential equation has a complementary so-
lution that has the following shape:

	
(2)

Solving and substituting we get the result in the form of the complex eigenvalue prob-
lem.

	
(3)

The eigenvalue pair for a given mode is complex. The eigenvalues for under damped 
systems always appear in complex conjugate pairs in the form:

	
(4)

The σ denoting the real part of and ω the imaginary part. σ denoting the damping co-
efficient and ω the damped natural frequency which describe damped sinusoidal motion. 
The displacement of the nodes can be rewritten as periodic wave.

	
(5)

The effect of the damping material on the assembly of the brake system was evaluated 
by the FEM method in the CAE program ABAQUS. The assembly represents a brake 
system design common in commercial vehicles of today. The floating caliper disc brake 
together complete with a steering knuckle to which it is attached. Although the literature 
written so far indicates that the main source of vibration is mainly the brake disc and brake 
pads, the composition of the other components is more representative of the actual brake 
system in the car, although the effect of other parts is smaller due to the creation of their 
own shapes in some designs, which can introduce a large amount of damping into the 
system. The assembly of the brake system with a floating brake consists of the main parts: 
brake disc material, shims, caliper, caliper bracket, pistons, steering knuckle.

The aim of the experimental part is to correlate the assembly with the FEM model. The 
results are the natural frequencies and natural shapes using operation deflection shapes 
(ODS) scanned by a 3D laser measuring device. Excitation is performed by an automated 
impact hammer. For a relevant comparison, the mechanism of the hammer is fixed and 
automatically controlled, which guarantees an even constant blow to the same excitation 
point. The goal is to excite all relevant eigenshapes, as excitation at the nodal point of the 
deformation wave will not create a response, and it may happen that not all eigenfrequen-
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cies appear. A POLYTEC scanning station equipped with three laser sensors scanned a set 
of points of the brake system. Point by point was the system excited with the hammer dur-
ing the scanning of the points. Subsequently, the system’s own shape is assembled from 
the deformations of the individual points.

The equivalent of the previous measurement, but now as a discretized continuum 
solved on the basis of FEM, with the method of extracting complex shapes (complex 
eigenvalue analysis CEA). Certain procedures and simplifications were considered for a 
sufficient correlation of the CAD assembly with the experimental results, keeping in mind 
the computational possibilities. The material of the components is elastically isotropic, ex-
cept for the lining material of the brake pads, which is transversely isotropic. The contact 
friction of the components is taken into account, and certain parts have been replaced with 
spring elements. The exact values ​​of Young’s modulus, stiffness, etc. were determined by 
testing from the basic values throughout the correlation of CEA eigenshapes with the ex-
perimental method. By correlating the output of the experimental part and the FEM model, 
the model represents the real brake with adequate accuracy, which means that subsequent 
design modifications on the correlated model will represent possible changes on the real 
brake as well. It is obvious that the adjustment in a representative FEM assembly is easier 
in terms of time and money than performing experimental measurements after each modi-
fication of the brake.

The surface friction contacts are formed in the first step of the simulation, and load is 
delivered to the piston surface in the form of pressure to cause the pads to grip the disc. 
In the second step, rotation is applied to the disc. The third step involves doing a modal 
analysis and extracting the eigenvalues and eigenvectors. In the last step, using the sub-
space-projection method, we extract the complex eigenvalues. This requires natural fre-
quency beforehand, since this is the subspace to which the complex modes are mapped to. 
The simulation is then repeated for each pressure variant and for both friction coefficients.

RESULTS AND DISCUSSION

The findings demonstrate that the friction coefficient between the pads and the disc 
causes a change in the system’s instability. As shown in Fig. 3-5, the friction between the 
pads and the disk significantly contributes to system instability. The numerous unstable 
modes are depicted on a stability plots, which also indicates the frequency at which the 
system instability occurs. The stability graphs exhibit symmetry between the positive and 
negative real components of the eigenvalue when damping is not considered. Higher fric-
tion coefficient values lead to additional unstable modes. This is most likely caused by a 
few closely spaced real modes combining into a complex one.
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Fig. 2 Unstable complex mode shapes
Obr. 2 Nestabilné vlastné tvary
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Fig. 3 Stability plot 0.3 MPa
Obr. 3 Stabilita 0.3 MPa

Fig. 4 Stability plot 1,6 MPa
Obr. 4 Stabilita 1,6 MPa
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Fig. 5 Stability plot 3 MPa
Obr. 5 Stabilita 3 MPa

The system stability can be charted on a plot as frequency and the real part of the 
complex eigenvalue. The former being on ordinate and the latter as abscissa. From this 
stability chart the negative modes occurring at the negative side will be suppressed and 
modes on the right side are the unstable frequencies. As already mentioned not all of these 
unstable frequencies however will correspond to brake squeal in a real system because of 
the over-prediction of the CEA.

The Fig. 3-5 show system stability plots for every combination of pressure and fric-
tion coefficient. Points in Fig. 3-5 left side are stable modes, the amplitude of these the 
vibration will decline over time; any point on the chart’s right side is an unstable mode, in 
which the magnitude will increase with time. Not all unstable modes lead to brake squeal. 
For example out of the 167 mode shapes found in the 0 to 10000 Hz spectrum during the 
modal analysis in the simulation with pressure = 0,3 MPa and μ = 0,5 it was only 12 of 
those modes Fig. 2 had a potential for squeal according to the complex eigenvalue analy-
sis.

CONCLUSION

High friction coefficient values, during braking between the disc rotor and the lin-
ing material of the brake pads, are a paramount factor for system instability to arise. In 
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all cases, higher friction coefficient values gave rise to new unstable frequencies. These 
results agree with currently known research. If an unstable frequency was already present 
at a lower friction value, the subsequent increase did not cause it to shift on the frequency 
spectrum; however, the higher friction value was always associated with an increase in the 
real part of the eigenvalue. This research builds upon the work of (Liles et al. 1989) and 
explores the effects of complex modes on brake squeal while assuming mostly linear elas-
tic material behavior. The brake assembly presented here consists of a disc, brake pads, 
lining material, and a piston. Incorporating a larger assembly would be suitable for future 
research to show how stability changes with more parts involved. Furthermore, additional 
insight could be gleaned by incorporating more non-linear system factors.

A complex eigenvalue stability analysis has been performed on a brake assembly sys-
tem. The findings from the research presented to show how several parameters impact the 
probability of system instability. The following conclusions can be drawn. In summary:
• 	 Unstable modes have been determined.
•	 Higher coefficient of friction gives rise to higher system instability.
• 	 Higher pressure values give rise to higher system instability.
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ABSTRACT: In the article, we described the possibilities of practical use of augmented reality 
technology. We focused on the creation of 3D models for augmented reality and the creation of 
an application that will simplify the assembly and disassembly of the SPIRAM 150 pump. When 
creating it, we used a procedure that works with markers. We tested the finished application and de-
scribed how to solve possible error conditions caused by the end user. The created application can be 
fully used in the process of production, sale, use and repair of the pump. Based on the implemented 
procedures, it is possible to extend the application to all series of SPIRAM pumps. It is also possible 
to modify the application so that it also works in other devices (augmented reality glasses), designed 
for augmented reality, or to respond to changes in hand position and hand gestures.

Key words: augmented reality, application, pump, assembly

ABSTRAKT: V článku sme popísali možnosti praktického využitia technológie rozšírenej reality.  
Zamerali sme sa na tvorbu 3D modelov pre rozšírenú realitu a tvorbu aplikácie, ktorá zjednodu-
ší montáž a demontáž čerpadla SPIRAM 150. Pri jej vytváraní sme využili postup, ktorý pracuje  
s markermi. Hotovú aplikáciu sme testovali a popísali ako riešiť prípadné chybové stavy, spôsobené 
koncovým užívateľom. Vytvorenú aplikáciu je možné plnohodnotne využívať v procese výroby, 
predaja, využívania a opravy čerpadla. Na základe zrealizovaných postupov je možne aplikáciu 
rozšíriť na všetky série čerpadla SPIRAM. Rovnako je možné aplikáciu upraviť tak, aby fungovala 
aj v iných zariadeniach (okuliare pre rozšírenú realitu), určených pre rozšírenú realitu, prípadne aby 
reagovala na zmenu polohy rúk a gestá rúk. 

Kľúčové slová: rozšírená realita, aplikácia, čerpadlo, montáž
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INTRODUCTION

Augmented reality is a technology that supplements the real world with elements cre-
ated virtually (3D model, information, animations, hologram or audio), thereby changing 
the perception of reality (Rebbani et al. 2021) (Valiauga 2020). Digital information does 
not replace the real environment, but overlaps it. The basic elements for devices working 
with augmented reality technology are hardware, software and application. For the proper 
functioning of augmented reality technology, the mutual cooperation of the mentioned 
elements is necessary (Chen 2019). 

Augmented reality is used in various areas of industrial production, which ensure the 
support of the production process (Mendes et al. 2019). These are: product development, 
optimization of the working environment of machines, improvement of workplace ergo-
nomics, layout planning, logistics, solutions and simulations of material and energy flows, 
material joining technologies, maintenance, assembly processes, quality control, but also 
presentations of products, designs, solutions, such as also the visualization of production 
premises, the layout of machines, the movement of handling equipment, training, tutorial 
programs.

By applying augmented reality, we will achieve the connection of workers from differ-
ent departments with information in production, which is drawn from ongoing production 
processes. The result is increased quality and efficiency, reduced development and produc-
tion time and costs, and increased worker flexibility (DePace et al. 2018). An accompany-
ing phenomenon are greater requirements for the speed of education and professional 
training of workers, but also higher demands on devices used by augmented reality, for 
their accuracy and speed. A clear user interface is required for applications. The mentioned 
requirements also bring with them certain restrictions on the use of augmented reality, 
such as e.g. required quality of projection, calibration of the user‘s view, tracking and 
recognition of objects or high computing power of wearable devices (Horejší et al. 2020).

Among the expanded areas of use of augmented reality in Slovakia are:
Training of workers – based on ready-made applications, workers will receive accur-

ate information about the product and its individual parts, and at the same time, based on 
a simulation that continuously provides the necessary information, they will learn how to 
assemble the product, or disassemble it in the maintenance process. The advantage is an 
increase in intuitive learning, the possibility of tracking performed actions, a reduction in 
error rates and high reliability (Kolla et al. 2020).

Component quality control – if the control worker has quick access to information 
about individual components through augmented reality, significant time savings occur.

Assembly – the idea of using digitized assembly instructions is one of the main tools 
of the currently introduced Industry 4.0 concept (Alcácer&Cruz Machado 2019). If 
the assembly simulation prepared in augmented reality (optimally also with information 
from sensors and with the results of immediate data analysis) is provided to the worker, 
ideally right in front of his eyes, then he has an overview of all the necessary actions and 
the sequence of their execution. At the same time, it also has various additional informa-
tion available. In the case of using glasses for augmented reality, another advantage is free 
hands, with which he can work fluently (Border States 2021).

Maintenance – augmented reality brings an increase in its efficiency. Maintenance 
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workers can use the augmented reality device to see potential failure points, allowing them 
to pinpoint the problem and identify faulty parts. They can then order them immediately. 
In a manufacturing company, even small service activities can be time-consuming due 
to the large amount of administration. Here, too, augmented reality can help, containing 
relevant data or the entire service history of the device.

In the post, we focused on the use of augmented reality in the process of staff training, 
communication with the customer, inspection of parts and in the process of assembly and 
disassembly of products, or their maintenance. The goal of our experiment was to create 
an application that simulates the assembly and disassembly process of a specific pump and 
at the same time allows viewing its individual parts in the form of 3D models.

MATERIAL AND METHODS
 
1.	 Object selection

The idea of producing a centrifugal slurry pump with one helical blade on an impeller 
arose based on the evaluation of the advantages that the mentioned type of impeller offers 
and also on the basis of a market survey, where a low number of manufacturers of pumps 
of a similar type was found (Figure 1). Screw pumps of the SPIRAM type are used in 
wastewater treatment, in the food and processing industry.

Figure 1 Screw pump SPIRAM by PraktikPump
Obrázok 1 Skrutkovicové čerpadlo SPIRAM firmy PraktikPump

The SPIRAM 150 pump was chosen to create an augmented reality application for 
several reasons. Achieving an increase in the clarity and comprehensibility of the produc-
tion of pump parts during the production process, which we will ensure if, as a supplement 
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